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Poincaré’s homology sphere*

KLAUS VOLKERT

Abstract. This article presents the history of Poincaré’s homology sphere from
its start in Poincaré’s last paper on topology (1904) to the 1930’s where different
presentations of this 3-manifold were discovered.

01A55, 01A60

1. Introduction

Poincaré’s homology sphere is a closed 3- manifold with the same homology as
the 3-sphere but with a fundamental group which is non-trivial.

In his series of papers on Analysis situs (1892 - 1904) Poincaré introduced the
fundamental group and studied Betti-numbers and torsion coefficients. He asked
himself the question how strong these invariants are. In his last paper - the so-
called fifth complement (1904) - he constructed an example of a closed manifold with
vanishing first Betti-number, without torsion coefficient but with a fundamental
group which he proved to be non trivial. This manifold today called Poincaré’s
homology sphere - or not correctly Poincaré’s dodecahedron space (cf. below) - is
constructed by a Heegaard splitting. Therefore Poincaré was the first author to use
this idea in a sophisticated situation. Using a function which measures the ‘height’ of
the cuts through the 3-manifold (that is a sort of Morse function (in modern terms))
Poincaré described the process of attaching handles step by step, thus building up
a handlebody. He arrived at a decomposition of the 3-manifold into two handle
bodies; their surfaces are two homeomorphic surfaces of genus n which are identified
by an automorphism of the surface.

To obtain his example Poincaré used two surfaces of genus 2 - two “pretzels”. The
identifying automorphism is defined by sending curves which are not null homotopic
of one surface to such curves on the other. The first set of curves contains the
standard generators of the fundamental group of the pretzel, the second is indicated
by a diagram. By using a sort of Seifert-van Kampen argument, Poincaré was able
to show that the fundamental group of the manifold is non-trivial. In order to
get this result he demonstrated that the fundamental group contains a subgroup
isomorphic to the icosahedron group (actually the fundamental group is isomorphic
to the extended icosahedron group). He was also able to calculate the Betti-numbers
of his manifold. By using the relations on the generators of the fundamental group
he showed that the first Betti number is 0 - so, by duality, the second is also zero.
There are no torsion coefficients.
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Figure 1. Poincaré’s Heegaard diagram ([6, 494])

This picture in Figure 1 represents a sphere with two handles, a pretzel, with the
handles cut off by two closed curve represented by the four circles +A and -A, +B
and -B (identifying +A with -A yields the first handle, identifying +B to -B the
other). The pretzel has to be identified with a second surface of this type such that
the two curves indicated in the scheme are identified with those closed curves which
are commonly used to dissect the handles of the pretzel (“Meridianschnitte”, that
is +A and -A, +B and -B). Using this description Poincaré was able to calculate
the fundamental group of the resulting closed 3-manifold. He showed that there
is a homomorphism from the fundamental group onto the icosahedron group. So
the first is definitely not trivial. Poincaré used the following presentation of the
fundamental group.

π1(V ) =
〈
C2, C4|C4

2C4C
−1
2 C4 = C−2

4 C−1
2 C4C

−1
2 = 1

〉
Later on Poincaré was able to demonstrate that the fundamental group is identical

to its commutator subgroup (in modern terms). Poincaré discovered this fact by us-
ing generators and relations, so to him the assertion above meant that in calculating
in a commutative way homology becomes trivial - i.e. the first Betti number of the
manifold vanishes. Because the manifold is orientable there is no torsion coefficient
in dimension one. Using duality Poincaré got all the information he needed.

At the end of his paper Poincaré asked a question: “Est-il possible que le groupe
fondamental de V se réduise à la substitution identique, et que pourtant V ne soit pas
simplement connexe?” In modern terms this means: “Is it possible that a manifold
with a vanishing fundamental group is not homeomorphic to the 3-sphere?” And
he ended with the remark: “Mais cette question nous entraînerait trop loin.” (“But
this question leads us too far away”). This is the starting point of the history of the
so-called Poincaré conjecture.

In their joint paper Analysis situs (1907), which was a contribution to the En-
cyklopädie der mathematischen Wissenschaften mit Einschluß ihrer Anwendungen,
P. Heegard and M. Dehn discussed Poincaré’s manifold. They gave a picture repre-
senting Poincaré’s identification scheme in a different way: Dehn and Heegard used
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a “Doppelringfläche” (that is a pretzel surface) instead of Poincaré’s sphere with
four holes. Once again the identification was defined by curves.

Figure 2. Identification scheme of Dehn and Heegaard ([1, 185])

After this paper was printed Dehn noticed that the identification scheme indicated
by the picture (cf. Figure 2) is not correct. In 1907 he published a “rectification”
(that is an erratum) of it. In reading this carefully one becomes aware of the
fact that Dehn’s famous method - today called Dehn’s surgery - started with the
analysis of the false identification scheme. In his paper of 1910, Dehn used his
method to construct another example of a closed 3-manifold with a fundamental
group isomorphic to the extended or binary icosahedron group, that is the full
symmetry group of the icosahedron including also reflections. The “Gruppenbild”,
that is the graph of this group, is depicted by Dehn as a dodecahedron net; see Figure
3. His starting point in doing this was the ‘Kleeblattschinge’ (that is the torus knot
(3,2); cf. [3, 138]). Dehn coined the name “Poincaréscher Raum” (Poincaré space) in
order to denote “solche dreidimensionalen Mannigfaltigkeiten, die, ohne Torsion und
mit einfachem Zusammenhang, doch nicht mit dem gewöhnlichen Raum [gemeint
ist die 3-Sphäre] homöomorph sind.” ([2]). That is, Poincaré space is the name
of three-dimensional homology spheres which are not isomorphic to the 3-sphere.
The example using the torus knot is unique because it is the only Poincaré space
constructed by Dehn with a finite fundamental group.

During the 1920s Poincaré’s conjecture became a well known problem. In partic-
ular H. Kneser mentioned it in a talk he delivered to the Versammlung Deutscher
Naturforscher und Ärzte (joint meeting with the DMV) in 1928 [4]. After citing
Dehn’s manifold, Kneser stated that this example is also related to the 120-cell
(one of the six regular polytopes of 4-space) in ordinary 4-space. The 120-cell de-
fines a tessellation of the 3-sphere on which the icosahedron group acts transitively
and without fixed points. The fundamental domain is a spheric dodecahedron, the
operations define certain identifications of the faces of the fundamental domain.

The now common way in which the dodecahedron space is defined was first given
by W. Threlfall and H. Seifert in their first joint paper (1931). It is characterized by
the use of a dodecahedron the opposite faces of which are identified after a turn by
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Figure 3. Graph of the icosahedron group ([2, 145])

π/5. to be more precise this is the spherical dodecahedron space. There is also an
hyperbolic dodecahedron space which is a different 3-manifold. The dodecahedron
is called spherical because it is bounded by spherical pentagons due to the fact that
it is obtained as the intersection of 12 balls. This construction is discussed in detail
in [9, 64-66]. In this scheme the decomposition of the dodecahedron space into two

Figure 4. The dodecahedron space ([9, 66])
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solid pretzels is indicated.
Another representation of a homology sphere was given by the Russian mathe-

matician M. Kreines in 1932. Generalizing the way in which lens spaces are defined
he obtained the following scheme.

Figure 5. Kreines’ scheme ([5, 277])

The identification of the sphere with itself is defined as follows: S1 has to identified
with S ′1 such that the points 0123498 (pictured in small print in Figure 5) are
identified with the points 8076549 in the indicated order, S2 with S ′2, such that the
points 01267 are identified with the points 32654. Using this description it is possible
to get a decomposition of the manifold into cells and to calculate its fundamental
group. There are two cycles a and b - the two edges in the decomposition - and two
relations given by S1 and S2:

a4ba−1b = 1
and

ab2ab−1 = 1
which can be written in the form

a5 = (ab)2 = b3

This is the standard representation of the extended icosahedron group.
Around 1932 different homology spheres were known with a fundamental group

isomorphic to the icosahedron group (or to an extension of it): Poincaré’s original
example, Dehn’s manifold, Kreines’ manifold and the dodecahedron space of Seifert
and Threlfall. The obvious question was: Are they all homeomorphic? The positive
answer was given by the theory of fibered spaces (today: Seifert fibered spaces)
developed by Seifert in his paper of 1933 [7]; the detailed discussion of the different
manifolds just cited can be found in a joint paper written by H. Seifert and C. Weber
in 1933, [10, n. 38 (p. 224)] (cf. also [8]). The clue to this result is a complete list
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of invariants found by Seifert which solved the problem of homeomorphy for certain
types of Seifert-fibered spaces.
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